Chapter 3

Hadrons

In the previous chapter we mostly ignored the flavor structure of the QCD Lagrangian
because it was less relevant for the properties of quarks and gluons compared to the
color structure. Vice versa, QCD’s local gauge invariance does not tell us much about
the systematics of the hadron spectrum except that hadrons are color singlets and can
be constructed from ¢g and ggqq (and also more complicated combinations). Here we
will turn the wheel around and focus exclusively on the global flavor symmetries of
QCD, in particular chiral symmetry, which becomes important and leads to effects
that are observable (or conspicuously missing) in the mass spectrum.

3.1 Flavor symmetries and currents

Noether theorem. The Noether theorem states that any continuous symmetry trans-
formation that leaves the classical action invariant implies the existence of a conserved
current, where the corresponding charge is a constant of motion. This is true for space-
time symmetries and, in our context, global symmetries (but effectively also for local
ones in the sense that each local symmetry has an underlying global symmetry). Let
us exemplify the statement for a generic field theory with action S = [ d*x L(¢;, 9.65).
Consider a global transformation

¢; — Dz](g) ¢] — <6iza5ata>ij ¢] — ¢Z + 5¢Z (311)

of the fields under some Lie group G, where ¢, are the group parameters, the t, with
[ta,ts] = ifapcte are the generators of the Lie algebra in the representation to which
the ¢; belong, and D(e) are the representation matrices. Compute the variation of the
action with respect to the group parameter ¢, inside a spacetime volume V and for
solutions of the classical equations of motion:
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Here we considered a fixed volume V' where the fields do not vanish on the surface, so the
surface term does not vanish automatically. The second bracket vanishes for solutions
of the Euler-Lagrange equations. Hence, if the classical action is invariant under the
symmetry and thus 5 = 0, there is one conserved current for each generator of the
symmetry group when evaluated along the classical trajectories:

. . . , oL
ij prt

We can further use Gauss’ law to convert the volume to a surface integral. For two
spacelike hypersurfaces o1 and o9, if the surface term at spatial infinity is zero, this

yields
/d4xaujg—/dauja—U—/]daujg—o. (3.1.4)
\% oV o2 01

In particular for two spacelike surfaces at fixed time ¢, the integral over a surface in
four dimensions becomes a three-dimensional volume integral, where the four-vector
do,, = (dz,0) points in the time direction, and therefore we find a conserved charge
for each generator t, of the symmetry group:

Qu(t) = /d3xj3(x) = const. (3.1.5)

Note that the currents and charges are still well-defined if the fields do not obey the
classical equations of motion (then the second parenthesis in Eq. (3.1.2) is nonzero)
or if the symmetry is classically broken (then the action is not invariant, 65 # 0). In
these cases the currents and charges are not conserved:

d

Ouitt 0, = Qult) £ 0. (3.1.6)

Quantization. When the classical field theory is quantized, the fields ¢;(x), currents
j& (z) and charges Q,(t) become operators on the state space of the theory. As we will
see later, the (anti-) commutation relations of the fields imply that the charges satisfy
the same commutator relations as the generators of the symmetry group,

[Qabe] = ifabc QCa (3.1.7)

so they form a representation of the Lie algebra on the state space (the charge algebra).
This relation remains intact even if the charges are time-dependent, i.e., if the symme-
try is broken. The charges can be used to construct a representation of the group on
the state space under which the field operators transform,

U=e'2Ze®Q  NM)=U[\), U¢U'=D;'¢;, (3.1.8)
which implements the classical relation (3.1.1) at the level of expectation values:

(N1 ¢ | Aoy = (MU i U [A2) = Dij (M| 5| Aa) - (3.1.9)
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(Note that later we will not always be consistent in the notation and denote the trans-
formation matrices of the classical fields by U instead of D while leaving the operators
exp(i ), €q Q) unnamed.) By expanding U = 1+i) e, Qqand Dx1+1i)  e4tq,
Eq. (3.1.8) entails

[Qa, ¢i] = —(ta)ij ;- (3.1.10)

If the symmetry leaves the vacuum invariant, U|0) = |0), then all generators @, must
annihilate the vacuum: Q,|0) = 0, and we find

(016:10) = Dy (016;10) = (0]6i[0) +1i Y _ £ (ta)is (01510} - (3.1.11)

Thus, the vacuum expectation values must vanish for those directions ¢, that do not
leave the ¢; invariant, which is the usual ‘Wigner-Weyl realization’ of a symmetry:
(0]¢:|0) = 0. Later we will study examples where the ¢; can be composite fields (such
as 1)) or also collections of different fields (e.g. o and m, in the o model).

The Heisenberg equations of motion, on the other hand, are a consequence of
translation invariance 0,F(¢) = i[P,, F(¢)], which holds for arbitrary polynomials of
the fields including the charges Qq(t):

dQq
dt

Therefore, if the charges are conserved, they commute with the Hamiltonian and have
a common eigenvalue spectrum. In other words, the mass spectrum of the theory can
be labeled by the irreducible representations of the symmetry group, which will lead
to the flavor multiplets of hadrons.

In addition to the explicit breaking of a symmetry, there are also other possibilities
how classical symmetries can be broken at the quantum level:

= i [Hocp, Qa) - (3.1.12)

m Spontaneous symmetry breaking: Here the classical action is still invariant
under the global symmetry and the currents are conserved, d,, j4 = 0, but the vacuum
and the correlation functions of the theory lose this symmetry and develop condensates
(0]9:|0) # 0. As a consequence, U|0) # |0) and there are charges which do not annihi-
late the vacuum: Q4]0) # 0 (we will refine these statements in Sec. 4.2). For each such
charge there is a massless Goldstone boson. Spontaneous symmetry breaking is a
dynamical effect due to the dynamics inherent in the theory, so one may as well turn
the argument around and argue that it happens because the dynamics contains massless
long-range interactions. The QCD example is chiral symmetry or, more precisely, the
group SU(Ny)4 for vanishing quark masses.

m Anomalous symmetry breaking: Also here the classical action is invariant,
but the symmetry is broken at the quantum level due to regularization, i.e. if there is
no regulator that preserves the classical symmetry. We already mentioned the anoma-
lous breaking of scale invariance; other typical candidates are again axial symmetries:
in dimensional regularization, «s has no natural extension to d # 4 dimensions; a
Pauli-Villars regulator breaks chiral symmetry explicitly due to a mass term, etc. In
Sec. 4.3 we will study the U(1)4 anomaly in QCD. In contrast to spontaneous symme-
try breaking, also the currents are no longer conserved and pick up additional terms
so that 8y, j& # 0.
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3.1.1 Symmetries of the QCD Lagrangian

In order to discuss QCD’s flavor symmetries, we only need to consider the quark parts
of the QCD Lagrangian since only the quark fields carry flavor labels:

L=¢(i)-My+gvAd  with  9ai(@), Yail). (3.1.13)

In the following the index ¢ = 1... Ny denotes the flavor and we suppress the color
indices. For simplicity we also work with unrenormalized quantities and discuss renor-
malization when necessary. The spinor fields g (), ¥ai(z) transform under the
fundamental representation of SU(Ny):

W (x) = Up(z), () =v@)Ut  with U= e 2asata, (3.1.14)

The t, are the SU(Ny) generators, e.g., the Pauli matrices t, = 7,/2 for two flavors
and Gell-Mann matrices t, = A\, /2 for three flavors (see Appendix A). In the two-flavor
case, the diagonal quark mass matrix in the Lagrangian has the form

(my 0 myt+mg B
M_< 0 md>_2 1+ (my —mg)ts, (3.1.15)

whereas in the three-flavor case it is given by M = diag(m.,,, mg4, ms) or

My + Mg — 2Myg

V3

My + Mg + Mg

3

M= 1+ (my —mg) ts + tg. (3.1.16)

Flavor symmetries. Consider the following global transformations of the quark fields:

¢l2acate ¢ SU(Nf)V, e ¢ U(l)V,

S et e (3.1.17)
e 2uafate € SU(Nf)a, et elU(1)a,

where SU(Ny)y denotes the usual transformation from Eq. (3.1.14). The subscripts V
and A indicate that these transformations will induce vector and axialvector currents.
The axial transformations involve 5 matrices and in the U(1) cases € is just a number.
The infinitesimal transformations of the quark and antiquark fields read

SUNp)y: 8¢ =) cataity, 6 =—it) Y cata, (3.1.18)
SU(Nyg)a - 61/1:7526atai¢, 0 =i ys Z gata - (3.1.19)
Uy : 0 =eir, o) = —ie, (3.1.20)
U(1l)a: o) = esiv, 8 = iy . (3.1.21)

Note the positive signs for the 7 terms in the axial cases, which follow from the
anticommutation of v5 and 7 in obtaining ¥ = ¥1q:

(Vs ta i) y0 = —ithT ta 570 = +ith ta s - (3.1.22)
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We will make frequent use of the following quark bilinears:

ja () :== P(x) T ta¢h(x) i () = () T (), (3.1.23)

where T' € {4#, vH~s5, 1, i75} are vector, axialvector, scalar and pseudoscalar Dirac
matrices. We denote the corresponding vector, axialvector, scalar and pseudoscalar
currents or densities j{a ) (z) by !

Vo Vi), s = Ay (@), 1= Sg(@), i = Pgx).  (3.1.29)

These quantities are all hermitian, e.g.
Pt = @iysy)t = —ivpTy5y0 ¢ = +ih 9 = P. (3.1.25)

In the following we investigate the symmetry transformations U(1)y x SU(Nys)y X
SU(Nf)A X U(l)A in detail.

m U(1)v : The action is invariant under a global phase transformation 1’ = e%1).
The corresponding flavor-singlet vector current according to Eq. (3.1.2) is

oL oL _
p_ ooc oo 0L oo o
v a(a,uwa,z‘) (“,ba,z) + 8(8;11;7)01,1') ( Z¢O‘ﬂ) ¢,Y w: (3126)

where we used (cf. Eq. (2.1.40))

o -, o
00.0) -7 3

Current conservation 9, V# = 0 can be verified by inserting the solutions of the classical
Dirac equations of motion from Eq. (2.1.41), where A" is the gluon field,

=0. (3.1.27)

Do=(gA-—M)i, §P =—ib(gA—M), (3.1.28)

_ I
and thus 0, V¥ =1 P +1) @ 1p = 0. The conserved charge is

QV(t) = /d3x¢70¢1 = /d3$¢T1l} = const. (3.1.29)

and reflects fermion number conservation, because in the quantum field theory it counts
the number of quarks minus antiquarks in the state. If we define n, = (#q) — (#¢) for
each flavor, then the eigenvalue of QY (which we also call Q") is the baryon number.

For three flavors:

B_gv_nu+nd+ns
3 3 ’

and the U(1)y symmetry entails baryon number conservation.

(3.1.30)

Here is a clash of notation: A* denotes both the axialvector current and the gluon field. Fortunately
we won’t be dealing with gluons for a while, and if so we will use the gluon field-strength tensor F*”
instead. Unless stated otherwise, from now on A* will refer to an axialvector current.
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m SU(Ng)y : is explicitly broken by the mass matrix M # m1 since UTMU # M.
We can still write down the currents, one for each generator of the group, and compute
their divergences:

VHE =y, 0, VI =i M t,] 9. (3.1.31)

The action is only invariant if all quark masses are identical. In that case the (N]% -1)
vector currents are conserved, 9, V' = 0, and so are the corresponding charges:

Q, (1) = /d3w 'ty ¢ = const. (3.1.32)

Because the diagonal generators (t3 in the two-flavor and ts, tg in the three-flavor
case) commute with each other and hence also with the mass matrix M, the corre-
sponding isospin and hypercharge currents

Vi =yyttgy =

_ 1 _
VE =yt tg e = —— (avHu + dv*d — 25vs
=Yty 2\/5(7 y s)

are always conserved, even if M # m 1. In combination with the vector-singlet current

VH = 9yt from Eq. (3.1.26), this implies that the flavor-diagonal vector currents
uy*u, dy*d and §v*s are individually conserved, which reflects flavor conservation in
QCD. The corresponding charges are the third component of the isospin I3 and the

hypercharge Y:

ayHu — dyPd) ,
( )

N

(3.1.33)

I3=Q§/=

— 2 -2
T —1d Yy — e QY = Ny + N = 21 (3.1.34)

2 /3 3

This is what allows us to arrange hadrons in {I3,Y } multiplets even if the underlying
flavor symmetry is broken due to the unequal quark masses. From the eigenvalues of
B, I3 and Y we obtain

Y=B+S5, Q:13+§:§nu—%nd—%ns, (3.1.35)
where S = —ny is the strangeness and @) the electric charge of the state. The relation
Q = I3 + Y/2 is the Gell-Mann-Nishijima formula.

The remaining flavor-changing vector currents have divergences proportional to
quark-mass differences; if we go back to the two-flavor case with m, # mg and use
instead of t 2 = 71 2/2 the generators

t+:t1+it2:<8 [1)), t_:tl—it2:<(1) 8), (3.1.36)
we obtain .
OuVE =i M, te] Y = i(my — ma) { _%u (3.1.37)
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m SU(N¢)a : is explicitly broken by the mass matrix M # 0:

Al =5t Al =i {M,ta} v5 0. (3.1.38)

Even if all quark masses are equal, there remains a non-zero contribution proportional
to the quark mass: B
AL =2myivsteh = 2mP, . (3.1.39)

This is the PCAC relation (‘partially conserved axialvector current’): the divergence
of the axialvector current is proportional to a pseudoscalar density. This equation will
become extremely useful later. Using (3.1.36) in the two-flavor case, we obtain

O, AL = i(my + mg) wysd,
O AY = i(my, + mg) dysu, (3.1.40)

O AL = imy, uysu — img dysd,
which are the creation operators for the three pions 7+, 7~ and #°.
On the other hand, in the chiral limit where M = 0, Eq. (3.1.38) entails that the

axial currents and the corresponding axial charges are conserved:
AL =0 = Q)= /de Yiys tq 1 = const. (3.1.41)

Since the vector currents are conserved as well in that case, we have an enlarged flavor
symmetry, namely chiral symmetry: SU(Ny)y x SU(Ng)a ~ SU(Ny¢)p x SU(Ny¢)g.
Later we will see that the SU(Ny) 4 part is spontaneously broken at the quantum level;
nevertheless all relations for the currents remain valid.

Because of the spontaneous breaking of the axial part, in QCD the V/A terminology is more useful
than the L/R notation — in contrast to the electroweak theory, where left- and right-handed fermions
enter asymmetrically in the Lagrangian. Nevertheless, let us collect some relations that will become
useful later. We define the chiral projectors

1

- _ pt _ _

Pi = 5 (IL Zl:’}/s) = Pw = Pwa Z Pw - ]17 Pw Pw’ - 5ww’ PUJ ) (3142)
where chirality is denoted by the index w = + (R, right-handed) or w = — (L, left-handed). The
projectors can be used to define right- and left-handed spinors:

o =Put, do=Pu)r=20"Purp=0P., ¥=> 4. (3.1.43)

Now consider the product of infinitesimal vector and axialvector transformations:

Uy Ua =€V e =1+iey +icays+-=14i» euPu=>» U,Pu. (3.1.44)

Here we abbreviated ey, 4 = Za E,Y‘A t, and defined e+ = ey +e4 and U, = 6i5‘“7 which are all just
flavor matrices. As a consequence, the left- and right-handed spinors transform as

w[u:wa,:PwUVUAw:PwZUw’ Pw/w:waw- (3145)

w
Therefore, they transform separately under SU(Ny)r x SU(Ny)r, with independent group parameters
e® and L B B . .
Y, =Uut, L, =0,UL, U,=eZe%t  yl=u;'. (3.1.46)
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Now let us cast the currents ¢ T'¢p with T' € {y*, ¥*vs, 1, 75, 0} in the L/R notation:

ZTZP—WFP“}T/):ZEMFW» ".Fe{,y#,,ylifyi_)},

I D b - 3.1.47
w ;w ZdJPwFP‘Nﬁ :Zw*wrww -~~F€{II'775’O-MD}' ( )

This means that for the currents constructed from the Dirac matrices v and "5 only the diagonal
terms survive (LL + RR), whereas for the remaining ones only the mixed terms survive (LR + RL).
How do these transform under chiral symmetry? The diagonal ones are invariant,

D CLT e, =Y P ULT Uty =Y ol hu, (3.1.48)

because U,, is just a flavor matrix and U} U, = 1. The off-diagonal currents, on the other hand, are
not invariant because in U, # 1:

S ULLTYL =D P TUL  Ustho # > -wT . (3.1.49)

As a consequence, the massless Lagrangian v i]D v is chirally invariant, whereas a mass term ) breaks
chiral symmetry since it mixes left- and right-handed components. The Lagrangian (3.1.13) takes the
form

L= (Vuiltho —p-wMiy). (3.1.50)

From the global SU(Ny) x SU(Ny) transformations we can define 2 x (N7 —1) currents and charges,
which are only conserved in the chiral limit:

jg,w = 171407“ ta ww s Qa,w = /dgl' 1/&1 ta 1/%\; . (3.1.51)

Inserting the Dirac equations for v, and 1, their divergences for M # 0 become
8/L jg,w =1 (17)—&0 Mt, ¢w - &w ta M w—w) . (3'1'52)

The vector and axialvector currents from Eqgs. (3.1.31) and (3.1.38) and corresponding charges are
linear combinations of these, with V = R+ L and A= R — L:

Vau = &Wﬂtaw = Z&W'Yutad)w = ng,w )
- - . . 3.1.53
AL =Py s tath = > Pt Y5 tathe =gl — gk . (3.1.53)

P,—P_

m U(1),4 : is classically conserved for M = 0, but not preserved after quantization
which leads to the U(1)4 anomaly. The divergence of the axialvector singlet current
picks up an anomalous contribution whose origin and consequences we will discuss in
Sec. 4.3:

2

) ) Ny ~ v a
AP =y, 9 A" = 2 Mz + ?477)2 v Fe,. (3.1.54)
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3.1.2 Symmetry relations at the quantum level

Current and charge algebra. The symmetry relations we have discussed so far hold
for the classical currents and charges. When we quantize the theory, the quark fields be-
come operators on the state space which satisfy the anticommutation relations (2.2.67):

{Gai(@), ¥} (1)} jo_ o = (@ — Y) as b5 ,
{wai(w)a ¢6j(y)}xo:yo = {¢Li(x)7ng(y)}x0:yo =0.

As a consequence, also the currents in Eq. (3.1.23) become operators,

(3.1.55)

Ja (%) = (@) Ttat(x), J'(x) = b(@) T (), (3.1.56)
which satisfy the equal-time commutation relations
’ 60, .
FAGR (y)]mo:yo = [z‘fabc 3 (@) + dae 5 (@) + 57 57 ()| (@ — w),
FAGENO)

with 'y = %(nyo I" £ T'49T). These relations are valid independently of whether
the currents are conserved or not. Moreover, for spacelike distances the commutators
vanish, which ensures causality from Eq. (2.2.1):

it @t @) = [ @ W] =0 for (@—y)? <. (3.1.58)

(3.1.57)
=2, (2) 8 (x — y)

0=y

The proof is straightforward. We write

2@ )] = (oD)as ()i (0L s (te)ut [0h:(2) v (@), 0 (1) v (v) (3.1.59)

20 =40 20 =40
and use the identity
{A,C}[B,D] + [A,C]{B, D}

2
together with the anticommutation relations (3.1.55) for the quark fields. The terms with {A, C'} and
{B, D} vanish and the commutator on the r.h.s. of (3.1.59) becomes

[+ Joomyo = 8@ = ) [0 030 VL (@) 1 (4) = Gas S 0], () s (@)] (3.1.61)

2£0=40

[AB,CD] = A{B,C}D —C{A,D} B — (3.1.60)

Since & = y and z° = 3° entails & = y, then in combination with the Dirac and flavor matrices the full
commutator is

lie@.a @), , = 0@ = 9) @) (Ml tats ~ 0Tty ) (). (3.1.62)
With
_ 01 /.0
AXfBY:AJrB(XfY)nLAQB(XJrY), ri:thr (3.1.63)

and the (anti-) commutation relations (A.1.2) and (A.1.7) for the SU(N) generators

1
[tm tb} = ifabc te, {ta, tb} = ﬁ 6ab + dape te (3164)

we arrive at the result in Eq. (3.1.57). We note that for commutators involving spatial components of
the currents these relations must be taken with some caution because additional Schwinger terms
may arise on the r.h.s., which are derivatives of §—functions of the form 9; 6*(x — y).
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Some examples of (3.1.57) involving temporal current components are:

m For T', IV € {7°,7%5} we find

0 /
v L. =1",
'y = r.=0 3.1.65

+ {70,}/5'“1—*#1—1/7 ( )

which leads to the so-called ‘local current algebra’:

[Vao(x)v Vbo(y)]xozyo = i fabe Vco(x) 63(:13 - y) )
[Vao(‘r)7 Al?(y)]xozyo = Z‘fabc Ag(flf) 53(3} - y) 5 (3'1-66)
[Ag(x)7 Ag(y)]rozyo = ifabc ‘4:0(%) 53(33 - y) .

The time components V) and A? form a closed algebra since they obey equal-time
commutation relations with the structure constants of the Lie algebra, and the Dirac
d—functions additionally ensure that all commutators vanish for = # y. If we further
integrate over [ d3z and i d3y, we obtain the corresponding charge algebra:

QY. QY1 = 1Q2, Q) = ifune QY , [QY, Q4] = i fabe QF. (3.1.67)

Therefore, the charges are the generators of the symmetry group when acting on the
state space. Actually, because the SU(Ny)4 symmetry is spontaneously broken, the
axial charges are not well-defined in the chiral limit and it is more practical to work
directly with the time components of the currents.

m For I' = 1%y5 and IV = iy5 we find ', = 0, I'_ = —i and therefore
A | dab
QL. Py(z)] = —i N, S(x) + dape Se(z) | (3.1.68)
!

where S(x) = () (z) is the scalar density. Its vacuum expectation value is the
scalar quark condensate which turns out to be nonzero due to spontaneous chiral sym-
metry breaking, and later we will use this relation for proving Goldstone’s theorem and
deriving the Gell-Mann-Oakes-Renner relation.

m Using the relation [AB,C] = A{B,C} — {A,C} B, we can similarly obtain the
commutation relations of the currents with the quark fields,

[jg(x)v¢(y)] 20=y0 = _(ta WOFWJ«")) 53(:3 - y)7

_ _ 3.1.69
[]£($),¢(y)] 20=y0 = (¢($) FVO ta) 53(:13 - y) ) ( )
for example for the vector currents (T' = ~°):
VO Z), 0_,0 — —ta € (53 - )
V@), 60)] o_yp = —ta () 8¥(x — ) .

[Vao(x)a &(y)]xozyo = @(1') ta 53(:’: —y).
Integrating over [ d®z, we get the commutation relations of the charges with the fields:

[Qa (20),¥(2)] = ~ta¥(x),  [Qu (20),%(2)] = ¥(2)ta. (3.1.71)
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Fia. 3.1: Generic form of a Ward-Takahashi identity from Eq. (3.1.74).

Ward-Takahashi identities. Ultimately we would like to turn the classical symmetry
relations into identities for the correlation functions of the QFT. These are the Ward-
Takahashi identities (WTIs), which relate the n—point and (n+1)—point functions
of the theory with each other. They are usually derived in the path-integral approach
(and we will come back to this below), but it is somewhat more transparent to work
them out using canonical quantization.

Consider two generic field operators j*(z), ¢(y) at different spacetime points. The
divergence of their time-ordered product with respect to x (with 0, = 9/9z*) is

O (T (@) e(y)) = 05 [0(2° — °) j*(x) o(y) + O()° — 2°) ¢(y) j* ()]

The first term comes from the derivative of j#(x) (simply resum the time orderings)
and the second one results from differentiating the step functions:

9, 0(z° — %) = —0, O(y" — 2°) = 5(z° — ¢°) o, - (3.1.73)

Eq. (3.1.72) is quite general and retains its structure for products of n different fields
(which can also be fermionic). In the general case one has to write down all possible time
orderings; the time-ordering of n + 1 distinct space-time points leads to (n + 1)! terms,
each of which includes products of n step functions. If fermion fields are involved, the
individual time-ordered terms pick up minus signs arising from the anticommutativity.
In either case, the final result is the same:

O (Ti"@) pi(21) - on(zn)) =T (0u 5" (x)) 1(x1) - . . @n(wn)
£376(0" — o) Ton(en) .. [1@), o] - oulan). (3.L74)
k=1

If we take its vacuum expectation value (0| ... |0), it relates the (n+1)—point function,
where one leg corresponds to the external current, to the n—point functions since the
commutators in the second row are proportional to the fields, cf. Eq. (3.1.69). This
is the generic form of a Ward-Takahashi identity and illustrated in Fig. 3.1. Current
conservation (or its absence) only enters in the first term on the r.h.s., which vanishes
if the current is conserved.
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q
S — P1 |2
a - B
p " 8

Fia. 3.2: Quark propagator and three-point function in Egs. (3.1.75) and (3.1.76).

Let us apply this result to QCD. The quark propagator is the two-point function

Sag(l’l,xg) = (0‘ Tlﬂa(l’l) 1%5(.%2) ‘0> . (3175)

How the quark couples to a vector, axialvector, scalar or pseudoscalar current (e.g.
photons, Z—bosons, pions, ...) is encoded in the three-point function (see Fig. 3.2)

Guap(®,21,22) = (O[T jg () Ya (1) P5(22) 0) | (3.1.76)

with j5 € {V#, A* S, P}. This is the full three-point function, which is the same as
the 1PI vertex with external quark propagators attached (i.e., to obtain the vertex,
multiply with inverse quark propagators from the left and right).

m The quark-vector vertex describes the coupling of the quark to a vector current.
An example is the quark-photon vertex, which is the fundamental quantity that appears
whenever a quark inside a hadron interacts with a photon.

m The quark-axialvector vertex encodes its coupling to an axialvector current
(e.g., the W- and Z-boson interactions with quarks are linear combinations of vector
and axialvector vertices).

In the vector and axialvector cases, the two- and three-point functions above are
related by a WTI which follows from Eq. (3.1.74):
0y, GM(, 21, w2) = (0] T (9 3" () W(21) P(22) |0)
+0(a" — a:?)<0| T [1°(x), v )} Y(a2)[0) (3.1.77)
+5(x —:Ug (0] TY(x1) [jo P(x2 ]|0)
If we insert the respective commutator (3.1.69) for each type of current, we reproduce
the quark propagator together with a flavor generator and a §—function. Employing
vector current conservation 8,V/' = 0 and the PCAC relation 9, A% = 2mP, (for equal
quark masses), we obtain the vector and axialvector WTIs:
dy Gy (21, 19) = —0Mx — x1) ty S(x1, 22) 4+ 6 (x — 22) S(21,T2) ta (3.1.78)
dy Gy (x, 21, w2) = 2m Gp(x, w1, T2)
— 0z — z1) Y5 te S(x1, 2) — 6 (& — x2) S(x1,22) tays.  (3.1.79)

The quark propagator is a diagonal matrix in flavor space but with different entries for
different flavors, so it does not necessarily commute with all flavor generators t,.
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These relations become more transparent in momentum space, where the derivative
with respect to x becomes a contraction with the momentum ¢ = p; — ps:

iqu G4 (p1,p2) = S(p1) ta — ta S(p2), (3.1.80)
iqu G'y(p1,p2) = 2m G p(p1,p2) — S(P1) ta¥s — V5 ta S(p2) - (3.1.81)

In other words, the effect of classical symmetries in the QFT is that they constrain the
longitudinal (better: non-transverse) parts of (n+ 1)-point functions with respect to g*
from the corresponding n-point functions. The vector WTT can be solved to obtain the
most general form of the vertex that is compatible with vector current conservation,
apart from further transverse terms with respect to the momentum ¢* (more below).
The axialvector WTI relates the longitudinal part of the axialvector vertex with the
pseudoscalar vertex and the quark propagator. Here we considered only the flavor-octet
axial current A%; in the flavor-singlet channel we would have an additional term from
the axial anomaly. Similar relations can be derived for higher n-point functions.

To work out the Fourier transforms, note that n-point correlation functions only depend on n — 1
spacetime coordinates due to translation invariance: G(x1,...z,) = G(z1—X, ...z, —X). For example,
for a two-point function S(x1,x2) we can define total and relative coordinates by

m1:X—i—E7 9132:X—E & X:x1+x27 z=x1—x2. (3.1.82)
2 2 2
From the behavior of the field operators under translations, Egs. (2.2.10-2.2.11), we find
S(@1,22) = (0| TH(X + 3) ¢(X — 5)10) = (0| T d(5) ¢(—35) [0) = 5(2) - (3.1.83)

Then the Fourier transform becomes
/d4m1/d4a72 e P11=P22) G o) = /d4x/d4zei<PX+PZ> S(z) = (2m)* 6*(P) S(p), (3.1.84)

where P = p1 — p2, p = (p1 + p2)/2 and the §—function ensures P = 0, p1 = p2 = p so that

S = [ T SE). S = [ s se). (3.1.85)

For a three-point function G(z,z1,z2) we add the coordinate x = X — y to (3.1.82). Translation
invariance implies

G(z,z1,22) = (0| To(—y) #(5) ¢(—35) |0) = G(y, 2) (3.1.86)
and the Fourier transform becomes
/d4z/d4z1/d4m2 gHP1e1—r2e2—q2) G(z,z1,22) = /d4X/d4z/d4yei<PX+pz+qy) Gy, 2)
= (2m)* 6" (P)G(p,q),

where P = p1 —p2—q, the average momentum is p = (p1+p2)/2, and the d—function ensures ¢ = p1 —pa.
In the same way we can work out

GH(z, 1, x2) G"(p1,p2)
/d4:m /d4x2/d4x Gitprz1—pawa—qz) | Ou G¥(, 21, 22) — (2m)* o4 (p) | 1 G*(p1, p2)

8 (x — 1) S(x1, 22) S(p2)

M (x — x2) S(w1, 22) S(p1)

to arrive at Eq. (3.1.80). Note that we use the notation G(p1,p2) and G(p, q) interchangeably to keep
things transparent, and we employ the same symbol for G(y, z) in coordinate space, but this does not
mean that G is the same function of the arguments.
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Let us rewrite the vector WTT (3.1.80) for the vector vertex I'},(p1,p2) defined by

Gy (p1,p2) = S(p1) Ty (p1, p2) S(p2) - (3.1.87)

If we multiply with S(p;)~! from the left and S(p2)~! from the right and denote
p1=p+q/2, p2 =p— q/2, the WTI becomes

G (pq) =iS(p+ )~ —iS(p- )7, (3.1.88)

where we dropped the flavor matrices for simplicity. Inserting the decomposition (2.3.11)
for the quark propagator, we obtain

0 T"(p,q) = A(P?) (p, — M(p1)) — A(p3) (P, — M (p3))
= (A0 - Ap) p+ AETAR) (53~ BGy) (3189
=Sad+2p-q(Aap—Ap).
Here we defined B(p?) = A(p?) M(p?) and the average and difference quotient

5, — Ad) + Ap3) A, = AWD =AW _ AW - Ap) (3.1.90)
2 7 P —p} 2p-q

which are regular for ¢* — 0, and likewise for Ap. As a result, we can split off the
momentum ¢* and read off the Ball-Chiu vertex

Ihe(p,q) = Tan" +2p" (Aap— Ap). (3.1.91)

For a tree-level vertex with the replacements A(p?) — Z, and M(p?) — mp, this
expression becomes I'y — Zy y* as expected.

Instead of the singlet and octet currents V# and VJ', we could also consider linear
combinations of them such as the electromagnetic current, which couples to the
quarks through the quark charge matrix Q, e.g. for three flavors:

qu 0 0

tg — 1
Q=[0¢g 0 |=ts+—~ = VE@=90"Qu=V{+-"V (3192
0 0 gs V3 Ve

The corresponding vertex is the quark-photon vertex, which satisfies the same WTI
(3.1.80) if we replace t, — Q and thus has the same form as above. In other words, once
we know the quark propagator, we already know a great deal about the quark-photon
vertex from symmetries alone. The full vertex can be written as I'* = F’éc + I'}. with
¢, T = 0, where the transverse part is not constrained and carries the dynamics such
as the vector-meson poles (more in Sec. 3.1.3).

Here one can also see that it is actually not the longitudinal part that is constrained by the WTI,
because if we had split the vertex into I'"* = ¢" I', + '}, with ¢, I'), = 0, we would have obtained

114 -l .a —1 1
I‘L:?[zé(p+é) —iS(p—9) ]:q—Q[ZAg+2p-q(AAp7AB)], (3.1.93)
which is singular for ¢" — 0 (and violates the Ward identity T'*(p,0) =i dS(p)~'/dp, which follows

from Eq. (3.1.88)). One can systematically work out the WTI constraints for n-point functions by
constructing ‘minimal’ tensor bases that are free of kinematic singularities and constraints.
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WTIs from the path integral. As already mentioned around Eq. (2.2.113), WTIs
can also be derived in the path integral formalism. This is relatively straightforward
to do for the Abelian local U(1) gauge invariance in QED. The partition function in
QED has the same form as in QCD,

Z[J,0,m) = /D[A,@b,w] ¢i(S1A ¥, 91+ SaxlAl+SclAp. 1) (3.1.94)

except there are no ghosts because the Faddeev-Popov determinant is independent of
the photon field A* and can be pulled out of the path integral. The resulting gauge-
fixing and source terms read

1 _
Sar + Sc = / d'z [25 AP0, AY — T, AP — i — | (3.1.95)

If we keep the sources fixed, then a gauge transformation is just a relabeling of fields
under the integral and leaves the generating functional invariant. Since the QED action
is gauge invariant, and assuming that the integral measure remains invariant as well,
this only affects the gauge-fixing and source terms:

Z[J,n,n] = / DA Dy Dy ot (STA W | +Sar[A']+Sc A W' ')
= /DA Dy DY o1 (SIAY U] +Sar[Al+Sc[Aw]) Li(6Ser+dSc) (3.1.96)
= Z[Jaﬁvn] <ei(§SGF+6SC)> = <6SGF +5SC>J =0.

J

Inserting the infinitesimal gauge transformations (2.1.37) in the Abelian case,
_ - 1
oY =i, 0 =—ipe, 0A, = gf)us, (3.1.97)
and taking partial integrations to factor out e(x), we obtain
4 1 1 = _
(0Sgr +0Sc )y = | d'xe(x) ;3,1 J“—EDA“ +i(yn—ny)) =0. (3.1.98)

J

Since ¢(x) is arbitrary, the integrand must vanish too. At this point there is also no
longer a need to distinguish the classical fields from the averaged fields in the notation
(¢ versus ¢ in Eqgs. (2.2.44) and (2.2.55)), so we simply write (A*); = A*, (1)) =
and (¢)y = ¢

Oy (J“—imA“) +ig (Y¥n—1v) =0. (3.1.99)

With the effective action I'[A, 1,9 ] = W[J,#,n] + Sc we can use (2.2.44) to trans-
form this relation into a generating W'TT for connected n-point functions by writing

SW — oW W
r—— _ oW -7 1.1
57, ¥ 5 (8 57 (3.1.100)



80 Hadrons

Here we took into account the Grassmann nature of the sources 1 and 7, i.e., 17 has to
be permuted to the derivative operator which gives a minus sign. If we take further
derivatives with respect to 77 and n, we arrive at the W'TT for the connected three-point
function. Alternatively, we can use (2.2.45) and convert the equation into a generating
WTI for 1PI n-point functions by writing

or or or

gp= g 0 3.1.101
A, T e T (3.1.100)
In this case Eq. (3.1.99) becomes
or 1 — o' 4T
O Tk ; O L% )=
8“(514“ £DA>+zg<w5¢+(w > 0. (3.1.102)

Taking two further derivatives with respect to ¥ and 1 and setting all fields to zero
yields the W'TT for the 1PI fermion-photon vertex:

1 T = 1070 Yo —x1) — 02—
" (9 5¢<x1>5¢(w2>5Au<x>> = Solen suay) 1 @)~ @ a)] - (3:1.108)

This is identical to Eq. (3.1.88) and says that the divergence of the vertex equals the dif-
ference of the inverse quark propagators. We can also take a derivative of Eq. (3.1.102)
with respect to A*, which yields the WTI for the inverse photon propagator:

52T 1,

In momentum space, this entails that the longitudinal part of the propagator remains
undressed, which proves our statement below Eq. (2.3.14) in the Abelian theory:

gu(D™H" (q) = ig® (f; : (3.1.105)

In principle one can derive WTIs also for non-Abelian local gauge symmetries, but they be-
come very cumbersome and it is more convenient to use BRST invariance to obtain relations of the
form (2.2.114). The quickest way to generate the Slavnov-Taylor identities is to apply the BRST
transformation directly to the correlation functions, which must also be BRST-invariant since already
the QCD action including the gauge-fixing terms is BRST-invariant. As an example, we derive the
QCD version of Eq. (3.1.105) by starting from the BRST transformations in Eq. (2.2.109),

_ _ M
oY =icy, OYp=—ibc, 6Ag:1D¢/zlbcb7 6Ca,:_%fabccbcc, 6Ea:_&:%
g 9 173
where we inserted the equations of motion f,[A] + B, = 0 for B,. Now consider the quantity
0 . _ 1 _ 1 . v
i O Aa(@) a(y))r = J (OuDae ce(@) en(y)) s + 7 9 0y (Aa () Ay (y)) - (3.1.106)

For vanishing sources the lLh.s. is zero. In momentum space, the second term on the right is the
contraction of the gluon propagator with g,q.. For the first term we insert the DSE for the ghost
propagator obtained from Eq. (2.2.40):

65 )
- & (y) ) = (0,D% co(z) & (y)) = i6" (z — y) Sap - (3.1.107)
0¢q ()
Thus, in momentum space we arrive at g.q, D'} (q) = —i§ dqp, which states that the longitudinal part

of the gluon propagator remains undressed also with interactions.
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Now what if we are instead interested in global flavor symmetries? Let us first
check QED with a global U(1) symmetry instead of a local one. In that case 0A* = 0
since ¢ is a constant, and we can no longer eliminate the integral in Eq. (3.1.98) but
get instead:

<5SGF+5SC)J:i€/d4:c (vn—nv),=0. (3.1.108)

This equation is correct but not very useful: In the context of Eq. (3.1.88) it only tells
us that the integrated equation vanishes — or in momentum space, that the difference
of propagators on the right-hand side vanishes if their momenta are equal (¢* = 0).

We can cure the problem by tricking the path integral into believing that it deals
with a local symmetry instead of a global one. Suppose we start from the free quark
Lagrangian in Eq. (3.1.13) without the quark-gluon vertex, which it is not relevant for
the discussion:

L=4@)—m)y,  Z[n] =/D[w,¢]ei(5[w’¢]+50) (3.1.109)

with source terms S = — [d*z (¢ +71)). The action S[¢, 9] is invariant under the
global SU(Ny)y x U(1)y symmetry. We consider U(1)y for simplicity, whose flavor-
singlet current V# = 1) y*1) is conserved. The idea is to add more source terms to
the action and define appropriate gauge transformations for the source fields, so that
the total action including all sources becomes locally gauge invariant with respect to
U(1)y. This means we need a covariant derivative; from Eq. (3.1.109) we only need to

add a term 1) By = V - B to establish local U(1) gauge invariance:
Z[B,n,n) = /D[w,w] (Sl P4V B+Sa), (3.1.110)

Here, B plays the role of the gauge field but it is a ‘background field’ since it does not
appear in the path integral measure and thus does not change the content of the QFT.
From Eq. (2.1.37) we have §B,, = d,¢ because we are dealing with an Abelian gauge
symmetry (we set the irrelevant new coupling to 1). As a result, the sum S[v, ¥ ]+V-B
is locally gauge invariant. Finally, we also make S¢ gauge invariant in itself by imposing
appropriate gauge transformations dn = ie n and §7) = —ie 7} for the source fields.

Now start from Z[ B,n, 7| and perform a gauge transformation to primed quantities
{4/ 4!, B',n','}. The total action is gauge-invariant and the path integral measure as
well, so that also the partition function is invariant: Z[B,n,7] = Z[B',n',7']. Next,
relabel the fields 1) and v back to unprimed quantities and work out the transformation
of B, n and 7 only:

/d“x(V 6B — 60— 60 ),
—/d4x [(VH) s e — i (D)1 — 71 () 1)] (3.1.111)
== [t e@) [, + i (@han -0 {w))] =0.
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Once again, because () is arbitrary, we arrive at

(V) s+ ((P)an =1 (¥)s) =0. (3.1.112)
In order to arrive at Eq. (3.1.78) including connected Green functions, replace

ow — ow ow

VY, — ’ = = —— 3.1.113
(V) 3B, () 57 () 57 ( )
and perform a partial integration. Since €(x) is again arbitrary one can remove the
integral, and the resulting master WTI becomes

SW <6W 5W>. (3.1.114)

Oy ——=1| — —

w58, \ o T
It has the same form as in our first attempt (3.1.108) except that now we have a new
correlation function 6W/6B that incorporates the current. The vector WTI (3.1.78)
follows from applying two further derivatives with respect to n and 7 and setting the
sources to zero.

Renormalization of currents. So far we have only dealt with bare currents that we
derived from the bare Lagrangian (3.1.13). However, if we included renormalization
constants for the vector and axialvector currents, the current-algebra relations (3.1.66)
would fix both of them to Z? = Z = 1. Hence, these currents stay unrenormalized,
which entails

VE =W Y)g = Zo (W ) = V',

B (o] A _ ) _AM (31115)
A = (W' 59)B = Z2 (VY s 9)r = AR -

On the other hand, those relations do not give us closed equations for the scalar and
pseudoscalar densities. In that case we can exploit the fact that their divergences are
proportional to the quark masses, e.g., from the PCAC relation:

1
0uAl = 2mP)s = (2mP)g = 0,4 = Ps= - P (3.1.116)
and consequently
- _ 1
Py =) = 2o (Ps)r = — Pr. (3.1.117)

The same result follows for the scalar density. In summary, the renormalized currents
are (we drop the label 'R’):

Vi = ZZ’(Z’W%/}’ P = ZQZm 1}7517/}’

- " (3.1.118)
Al = Zypytys 1, S =29 Zm .
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3.1.3 Extracting hadrons from QCD

We have not yet talked about how we can actually extract hadron properties from
QCD. How would you calculate the mass of a hadron in a QFT? In quantum mechanics
the answer is clear: define a potential V' and solve the Schrodinger equation Hy = E1p
to obtain the energy spectrum of the system. Once you know the wave function v, you
can calculate matrix elements for observables. But what becomes of the Schrodinger
equation in QFT? Earlier we argued that the well-defined objects in a QFT are the
correlation functions and that they encode the full content of the theory. Therefore,
they should also carry any possible information on hadrons. But how can we extract
that information?

We already mentioned in Sec. 2.2.1 that hadrons are contained in the state space
of QCD: |x), |N), ... are one-particle states with a well-defined mass, momentum p
and other quantum numbers that reflect the symmetries of QCD (angular momentum,
parity, flavor, etc.). As a consequence, they enter in the completeness relation

3
1:2@/%\»@\, (3.1.119)

A

where the Lorentz-invariant integral weight implements the condition that each hadron
is on its mass shell (p? = m?\ or Eg =p’ + mi) One should keep in mind that the
state space of QCD is enormous: it can contain (unphysical) colored states, colorless
‘one-particle’ bound states like mesons and baryons but also glueballs, multiquark and
multi-hadron states — also the C' nucleus should be somewhere buried in it.

Hadrons generate poles. In principle, the extraction of hadron properties from
QCD is based on the spectral representation (2.2.7), which is also closely related
to the experimental situation. When we derive it for a two-point function, it tells us
that the onshell states in the completeness relation produce poles in the propagator
at p? = mi, where m) is the physical mass of the state, and the multiparticle states
produce cuts which start at p? = 4m§\ and extend to infinity. Unfortunately this does
not quite work out in QCD: when we insert the completeness relation into a quark or
gluon two-point function, a colored quark cannot create a colorless hadron. In other
words, quark and gluon propagators cannot produce physical hadron poles.

Fortunately, the spectral representation is not limited to two-point functions. In
general one can show that for a given correlation function

Gty ..ar) = (0 Td(@1) ... dlaa) S(yn) - - - $(yy) [0) (3.1.120)

each one-particle state |A(p)) with onshell momentum p? = m3 produces a pole, where
the correlation function factorizes at the pole:

d! e ({a},p) O ({y;),
G(x1,...mp) = /(27:;4 e Pz ({p2}_p2n§ —E{Z:Z } P)

+ finite | . (3.1.121)

This is true as long as the residues ¥ ({z;},p) at the poles are nonzero. These residues
are the transition elements between the vacuum and the onshell hadron and they are
called Bethe-Salpeter wave functions (BSWFs).
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The proof goes as follows. We start from a general (n 4 r)-point function

Gar,...yr) = (0] T d(@1) .. 6(xa) b(31) - 6y [0). (3.1.122)

Because we want to insert the completeness relation, we are only interested in the time orderings where
all 20 > y;). We can separate this contribution by writing

Gl@r,. . yr) = Ouy (T {B(x1) . $(@)} T{B(w1) - - by }10) + (.-.), (3.1.123)

where O,y := 6 (min(z?,...20) — max(y?,...y))) and (...) contains the remaining time orderings.

Inserting the completeness relation, this becomes

1 3k
G(z1,...yr) = Z @ /E Ouy (0| TO(21) ... O(xn) [N N Td(y1) ... 0(yr)[0) +(...), (3.1.124)

where |A) is an onshell state with momentum k and energy E\ = \/k? + m3.

For the correlation functions of the theory, which are vacuum-to-vacuum transition matrix elements,
translation invariance entails that they do not depend on the total coordinate (see Eq. (3.1.83)).
For a vacuum-to-hadron amplitude, the behavior of the field operators and one-particle states under
translations U(1, a),

U(l,a)da(@)U(L,a)"" = da(e+a), ULa)Ap)=e""Ap), U(La)[0)=[0) (3.1.125)

entails that the dependence on the total coordinate can only enter through a phase. That is, if we
write z; = X + 2, and y; = Y + ¥., we can factor out the dependence on X and Y:

O T ¢(z1) - plan) |N) = (0] TUQ, X) ¢(z1) UL, X) " ... UL, X) ¢(23,) UL, X)H A
= (0] To(zh) ... p(an) [N e ™™ =0 ({ai}, k) e, (3.1.126)

where the Bethe-Salpeter wave function \I’({xl}, k) only depends on n — 1 coordinates and no longer
on X. (For example, if we set X = x; it only depends on 5 ...x,.) Likewise,

AT o) -0 10) = N To(u1) - 6(ur) [0) ™ = W' ({y;}, k) ™. (3.1.127)
Denoting z = X — Y, we also have
min(z?, ... 2%) —max(y?,...y2) = X° —Yo—i—min(a:/lo, e xﬁlo) —max(yio7 .. .yio) = 2"+ A (3.1.128)

and the full correlation function becomes

G(z1,...y,) = ; (271r)3 % 0(=° + A) e ™ U ({w}, k) U ({1, k) + (). (3.1.129)

Now we use the following representation of the step function:

T dw 1 ;
0(x) = e —iwz 3.1.130
() 27 w + i€ ¢ ( )
and take the Fourier transform with respect to z:
- r s [ PR o s —its
d4 iz oy ) = d ? TwA /d4 i(p—k)z twz
/ ze (z1,..-yr) Z/ W ee 2B, @n)i ze e

A (3.1.131)

53 (p—k) 6(p°—E\—w)
x U ({zi}, k) U ({y;},k) +(...).
When integrating over d°k, the §—function sets k = p and thus E\ = /p? + m3, so we arrive at

; —i(p’—Ey)A
4 ipz ? € . T . 1
/d ze" Gz, ...yr) = E}\ 0B i 2, U({z:},p) ' ({y;},p) +(-..). (3.1.132)
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Furthermore, we can write

i e*i(PU*EA)A _ i(p()+E>\) e*i(PO*Ex)A i

po— Ex+ie 2B\  p2—E2+4ie 2B\ p?—m3 tic’

(3.1.133)

where we approximated po &~ E» in the vicinity of the pole. Thus we arrive at the final result

p2omd W ({zi},p) W ({yi},p)
p? —m3 +ie

/d4z e Gz, ... yr) . (3.1.134)

Note that n and r can be different, which means we can squeeze in the completeness relation at
any position in a matrix element (0| T ¢(z1) ¢(z2) ...|0). As long as the BSWFs on both sides are
non-zero so that there is a non-vanishing overlap with the onshell state |\), this will produce a pole at
p? = m3 in the form of a Feynman propagator.

Applied to QCD, this means that even though hadrons are color singlets and cannot
produce poles in elementary two-point functions, they still generate poles in higher
n—point functions, e.g. the quark-antiquark four-point function in Fig. 3.3:

Gagys(1, 22, 23, 74) = (0T Yo (21) ha(22) ¥y (23) P5(24)]0) . (3.1.135)

Inserting a complete set of states will produce meson poles because a composite operator
Y1) can produce color singlet quantum numbers (3 ® 3 = 1@ 8). In fact, the four-
point function encodes the complete meson spectrum that is compatible with the flavor
quantum numbers of the quarks. The corresponding BSWF of a meson reads

(0] TYa(x1) 1}5($2) I\, a) = (0] Td;a(%) ;bﬁ (7%) A, a) o ipT

—ip-x

) (3.1.136)
= \Ija,@(zap) € )

where we set the total coordinate as x = (z1+22)/2 and the relative one by z = x1 —x2,
so that 1 =  + § and 2 = z — 5. Since the flavor quantum numbers of mesons are
related to the SU(Ny) generators t,, we attached a flavor index a. Likewise, we would
find baryon poles in the analogous quark six-point function and we could write down
the analogous BSWF with three quark fields.

The BSWF's are not truly ‘wave functions’ in the quantum-mechanical sense since
they transform under finite-dimensional, non-unitary representations of the Lorentz
group and thus one cannot directly extract probability information from them. De-
pending on the total angular momentum J of the onshell hadron |)), after splitting off

1

polarization vectors (for J = 1 states), Dirac spinors (for J = 3 states) etc., they can

be expanded in tensor bases just like the correlation functions in Eq. (2.3.7):

N
v ({aidp) = Y fildd, &, a1 py 07 = m3) m({aid,p) (3.1.137)
i=1
For example, Lorentz covariance and parity invariance settle the general structure of
the BSWF for a pseudoscalar meson in momentum space:

Vas(a,p) = vs (fr + fap + f3d + falds PDag ta- (3.1.138)

Here p is the total momentum of the meson and ¢ the relative momentum between
the quark and antiquark. The fi(q?,q - p,p? = m%\) are the Lorentz-invariant dressing
functions which depend on all invariant momentum variables, and they contain the

information about the meson in question.
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Fia. 3.3: Quark four-point function (3.1.135) and its separability at a particular meson pole
according to Eq. (3.1.121). The dashed line is the Feynman propagator.

Current correlators. So how do we compute a hadron mass in practice? It appears
that in order to extract the mass of a meson, we need to calculate the four-point
function in Eq. (3.1.135) (or any other n-point function that creates meson poles) in
some nonperturbative way and look for the poles in this quantity. While this is true
in principle, it would also be a rather cumbersome endeavor: four-point functions are
complicated objects, and moreover the ones above are not gauge-invariant since they
contain quark fields with uncontracted color indices.

The advantage of Eq. (3.1.121) is that it is completely general and applies to any cor-
relation function that has a non-vanishing overlap with the state |\), in particular also
those with composite operators. This is where the currents we defined in Eq. (3.1.23)
become useful: Instead of working with the four-point function directly, we can simplify
the problem by setting r1 = x2 = x and x3 = 4 = y and contracting the quark pairs
with Dirac and flavor matrices t, I'g, and Fgw tp, where I € {v#, y#~s5, 1, ivs5, ... }. In
this way we obtain current correlators

(ta)ji Dpa Ty (t)ik (01T Yai () ¥ () Yk (y) 1 (y)]0)
= (0T {¢(2) Ttav(2)} {(y) Tty (y) } |0) (3.1.139)
= (0T j& () 45 (y)0),

which are visualized in the upper panel in Fig. 3.4 and have the form
(O[T Pa(z)Py(»)[0),  (OIT V() Vi’ (9)|0),  (OIT AG(z) Ay(y)[0), ete.  (3.1.140)

These are again two-point functions and can be viewed as effective meson propagators
since they contain the composite fields P,, V', A%, etc. This is also a convenient way
to filter the overwhelming information from the state space, because poles will only
emerge from those states that coincide with the quantum numbers of the currents: a
PP correlator produces pseudoscalar-meson poles, a V'V correlator vector-meson poles
and so on. Another advantage is that, in contrast to the four-point function with
elementary quark field operators, the current correlators are also gauge-invariant since
they contain gauge-invariant, local products of quark fields.

The pole residues of the current correlators are the BSWFs for x1 = zo = z, i.e.,
z = 0 (which in momentum space means integration over the relative momentum), and
contracted with the Dirac-flavor structures (i.e., taking Dirac and flavor traces):

_ (ta)ji Fﬂa <O| Twm'(l') iﬁj (ZL‘) |)\7 b> = —T¥r {ta T \I/b(o,p)} e_ip.x

| (3.1.141)
= (0| 55 () [A, B) = (0] 5L (0) |\, b) e~ .
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Fi1c. 3.4: Current correlators from Eq. (3.1.140) and three-point functions from (3.1.146).
The symbol ® represents the Dirac-flavor matrix I't,.

This is the vacuum-to-hadron transition element of the corresponding current. Take for
example I' = ~v#~5 and i7v5, which produce axialvector and pseudoscalar currents, re-
spectively. This restricts |\, a) to pseudoscalar and axialvector mesons (for the moment
we consider pseudoscalars only):

(0] A () |\, b) = Sap ip" fr e T (0] Py(z) [\, b) = dap 7 e P, (3.1.142)

The first quantity encodes the transition from a pseudoscalar meson to an axialvector
current. By translation invariance the dependence on x goes into the phase, and the
remainder is a Lorentz vector which can only depend on the onshell momentum p*
with p? = m?\, so the only possible tensor is p*. Since we also take the flavor trace of
two generators, the only structure in flavor space is ~ dg4p, cf. (A.1.6). The remaining
constant fy is the electroweak decay constant of the pseudoscalar meson: For
example, the pion (A = 7) decays weakly into leptons (7t — W — u* 4 v,), so this
defines the pion’s electroweak decay constant f,. The analogue ry for the pseudoscalar
density is not directly measurable but will be useful in the following.

From here we can immediately derive a very useful relation. If we apply the PCAC
relation (3.1.39) for equal quark masses, 9, A% (z) = 2mP,(x), we obtain

frmi =2mry, (3.1.143)

which is valid for all flavor non-singlet pseudoscalar mesons (in the singlet case there
would be an additional term from the anomaly.) For example, it relates the pion decay
constant and pion mass with the pseudoscalar transition matrix element r,. If we go to
the chiral limit and set m = 0, then the equation tells us that either the pion mass m. or
its decay constant f; must vanish. This already resembles the Gell-Mann-Oakes-Renner
(GMOR) relation, but so far we know nothing about spontaneous chiral symmetry
breaking! The essence of the Goldstone theorem, which we will prove in Sec. 4.2, is
that the pion decay constant f; does not vanish in the chiral limit as a consequence
of spontaneous chiral symmetry breaking, and thus the pion must be massless. Vice
versa, the decay constants of excited pions (m) # 0) must vanish.
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F1c. 3.5: Current correlator in terms of the quark propagator and corresponding vertex.

Since the current correlators are two-point functions, we can derive the spectral
representation like in Eq. (2.2.15), e.g. for the pseudoscalar correlator (z = = — y),

(O[T Pu() Po(y)[0) = ©(=°) (0] Pa() Poly) [0) + O(—=°) (0] Po(y) Palw) [0)
d*p O(2°) e”P* + ©(—2°) eP?
=2 [/ 2 ] 7o (31149
B . d4p —ipz ﬂ
_;DF(Z,mA)Ti(sab_/(Qﬂ_)4e ;102_;13—1—2'5’

or also mixed correlators:

3 ZO e*ipz _ —ZO eipz
(0T Al () Po()|0) =) [ / pr o) (%)?( ) }ip“fm Oab
A

d'p  _ P" AT dab
— D 5, ipz N _EJATACab
azMZ F (2 1m0) AT dap = /(27r) Zp —m3 +ie’

The sum over A only goes over states which have an overlap with the pseudoscalar
density, i.e., the pseudoscalar mesons, and in principle we should generalize the formulas
to spectral densities which include the multiparticle contributions.

Since the result (3.1.121) is general, it also applies to three-point functions such as
the ones in Eq. (3.1.76):

(3.1.145)

Gh o (.01, w2) = (O[T 55 (2) tha (1) 5 (2)[0) (3.1.146)

This is just the four-point function contracted on one side only, as shown in Fig. 3.4.
On the other hand, it is the vertex with quark propagators attached, e.g. in the
vector case: G, (p1,p2) = S(p1) I (p1,p2) S(p2). This means that the vertex must also
contain meson poles, but since its non-transverse part is fixed by the WTI these poles
can only appear in the transverse part. Hence the quark-photon vertex must have
transverse vector-meson poles, which is the origin of ‘vector-meson dominance’:
when a photon couples to a quark, it fluctuates into p, w, ... mesons.

With the same reasoning we can write the current correlator as in Fig. 3.5, since it
is identical to the quark loop diagram with dressed quark propagators and the corre-
sponding vertex. The V'V correlator is also called hadronic vacuum polarization
because it encodes the QCD contributions to the photon propagator. This quantity is
experimentally accessible in the process ete™ — hadrons, and it is the biggest QCD
contribution to the anomalous magnetic moment of the muon where the current Stan-
dard Model prediction deviates from experiment by 3...40.
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Finally, one can make repeated use of Eq. (3.1.121) also for higher n-point functions.
An example is the quantity

(OIT Ya (1) hp(w2) ji () ¥y (23) Ps(2a) |0) (3.1.147)

where one can insert the completeness relation both to the left and the right of the
current operator to produce BSWFs on either side. As a consequence, at the double
pole location this becomes

i ({ai},p)
p2

i 15 ({q}. )

(A alji (0) [N, b) e (3.1.148)

—m3 +ie —m3, +ie

The residue (A, a| 5L (0) |\, b) defines a hadron’s current matrix element, such as for
example the electromagnetic current matrix element (7|Véy, (0)|7) which describes the
coupling of the photon to a pion. The analogous n-point function for baryons contains
(N|V&n(0)|N) which describes the electromagnetic coupling to the nucleon. The tensor
decompositions of these matrix elements in analogy to Eq. (3.1.137) encode the various
measurable form factors of hadrons: electromagnetic, axial, pseudoscalar, scalar form
factors, etc., and we will return to them in Sec. 4.5.

Lattice QCD. Current correlators are frequently used in lattice QCD to compute
the hadron spectrum. From the general formula (2.2.24) that relates a correlation
function with the path integral, a current correlator can be calculated from

D¢ e () fa(y)

Gz —y) = (0T ji(z) ja(y) [0) = D sl : (3.1.149)
We can write a generic Eucliden correlator in momentum space as
Ry
G =) 53> 3.1.150

where p% =p>+p2, E>2\ = p? +m§\, and as usual the sum over A is formal but suppose it
contains one or a few isolated bound state poles at p% = —m?\. When we take a Fourier
transform to z4 > 0, then a pole in momentum space shows up as an exponential decay
in Euclidean time:

dpy e'Pi* e
A A

At large Euclidean times the mass mg of the ground state will dominate the sum, so
one can extract mo from

1
— lim — InGg(z4,p=0)=mg. (3.1.152)

Z4—>00 Z4

The discretization of spacetime in lattice QCD and the restriction to a finite volume
comes with a number of technical subtleties. For example, in a finite volume the
multiparticle continuum turns into a series of discrete poles in p% (scattering states),
which means that the energy levels computed on the lattice are not directly related
to the masses of unstable hadrons above open thresholds. The formalism that allows
one to relate the energy levels in a finite box to the pole positions of resonances in the
complex plane is called the Luescher method.
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F1G. 3.6: Bethe-Salpeter equation for the four-point function and corresponding homogeneous
equation for the Bethe-Salpeter wave function.

Bethe-Salpeter equations. Another way to extract hadron observables from QCD is
to start from elementary correlation functions such as the four-point function (3.1.135)
and write down a Bethe-Salpeter equation (BSE) for it. It has the schematic form
shown in Fig. 3.6:

G=Go+GKG, (3.1.153)

which is also called Dyson equation. Each multiplication stands for a four-dimensional
integration in momentum space, so this is an integral equation for G, where Gy is the
disconnected part and K the kernel of the equation. The structure of the equation is
similar to Eq. (2.2.65), where each step in

G=Gy+G KG=Gy+GyKGy+Go KGo KG = ... (3.1.154)

is exact and gives G~! = Gy ! _ K, whereas a perturbative series would only converge
to that result if K is ‘small’ enough. The kernel can be modelled (e.g. by a ladder
approximation which amounts to a gluon exchange between quark and antiquark) but in
principle also systematically expanded in terms of the underlying correlation functions
such as the quark and gluon propagators, three-point vertices, etc.

If G admits hadronic poles, then at the pole location it factorizes according to
Eq. (3.1.121) and one arrives at the homogeneous BSE for the Bethe-Salpeter wave
function:

U=GyKU. (3.1.155)

Thus, also here one does not actually need to calculate the four-point function directly
in order to extract the pole locations. In practice the homogeneous BSE is an eigenvalue
equation because it has the form (Go K) ¥y = n) V), where the ) are the eigenvalues
of Gog K. The masses of ground and excited states can then be read off from the
conditions 7y (p? = m?\) = 1. If the poles lie above thresholds, then they move into the
complex plane onto higher Riemann sheets, but this does not invalidate the equation
which still holds at the resonance pole location through analytic continuation, i.e., the
above condition has solutions in the complex plane of p?. Analogous BSEs can be
derived for baryons (the three-body versions are also called Faddeev equations) and
higher multiquark systems.



